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Abstract

We present a list of optimal disturbance rejection problems in systemsin which the overall
control scheme is required to have a certain structure. These structures correspond to various
classesof controlled systemswhich include what we refer to as nested, chained, hierarchical,
delayed interaction and communication, and, symmetric systems. The common thread in all of
theseclassesis that by taking an input-output point of view we can characterize all stabilizing
controllers in terms of convex constraints in the Youla-Kucera parameter. The disturbance re-
jection problem can therefore be castedasa convex, yet nonstandard, model matching problem.
Approachesthat solve this problem are presented for various optimalit y criteria.

1 In tro duction

In large, complex and distributed systemsthere is often the needof consideringa speci¯c structure

on their overall control scheme(e.g., [15].) There are a number of practical reasons,among which

cost and reliabilit y, that result to constraints on how an individual local control station interacts

with the overall system, what part of information it has accessto and what communication mech-

anism is in place. Hence it is important to have analysis and design techniques when interaction

and communication constraints are imposedon the global controller structure.

In this paper we considerthe general framework of Figure 1 where G may represent a complex

system consisting of subsystemsinteracting with each other. The overall controller for G is K .

Both G and K are assumedto be linear, discrete-time systems. The controller K has to respect a

speci¯c structure that is imposedby interaction and communication constraints. A typical example

of structure that has been studied extensively in the literature is when K is totally decentralized

i.e., diagonal. However, the optimal performanceproblem when structural constraints are present

still remains a challenge to the control communit y due to each complexity, notably the lack of a
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Figure 1: Standard Framework

convex characterization of the problem. To mention only a few samplesof related work we refer

to [14, 16, 9] and referencestherein. Taking an input-output point of view and parametrizing

all K via the Youla-Kucera [22] parameter Q one can seeas a major sourceof di±cult y the fact

that structural constraints in K may lead to non-convex constraints in Q. Despite this discouraging

point, a main theme in the paper is identifying speci¯c classesof problemsfor which the constraints

in Q are convex with the appropriate choice of the coprime factors of G. These classescan be

associated with several practical applications such as integrated °igh t propulsion systems,platoons

of vehicles, networked control, production lines, chemical processes,etc. The various classesof

systemsidenti¯ed include what we refer to asnested,chained, hierarchical, delayed interaction and

communication, and, symmetric systems.A key feature in all the structures consideredis that G22,

the part of G that relates the controls u to measurements y, has the samestructure as the one

imposedon the controller K . It is the structure of G22 that matters for convexity; the remaining

part of G can be totally unstructured. In the majorit y of the situations presented here there is an

algebraic property between the K 's and G22's under consideration. That is, they form a ring as

the structure is preserved in products, additions and in (I + G22K )¡ 1 whenever the inverseexists,

as it should, for well-posedness.

In the sectionsto follow we ¯rst exposethe various structures of interest, continue on to con-

troller parametrization and ¯nally describe the solution proceduresto the optimal performance

problems in the H 2, `1 and H 1 sense.
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Figure 2: Nested Structure

2 Speci¯c Structures

Throughout the paper we assume,unless stated otherwise, all systems to be ¯nite dimensional

linear, time-invariant and described in discrete-time.

2.1 Triangular Structures

In this classof systemsG22 and K are triangular transfer function matrices. This class includes

what we term as nested structures, chains (or strings) with leader and followers, and hierarchical

type of schemes. In the sequelwe elaborate more on these. Someparts of this exposition can also

be found in [19, 20].

Nested systems

This is the casewhere a subsystemis inside another and there is only one-way interaction, from

inside to outside, or, the reverse. A practical application that associates with this set-up is the

Integrated Flight Propulsion Control (IFPC) e.g., [5]. To illustrate the nested problem in simple

terms weconsideronly two nests. The generalizationto n nestsis straightforward. Thusweconsider

the caseof Figure 2 where there is a system comprised of two nests (subsystems.) The internal
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subsystemconsistsof a plant P1 together with its controller C1 whereasthe external consistsof

the plant P2 with the controller C2. The internal and external subsystemshave control inputs

u1, u2 and measuredoutputs y1 and y2 respectively. Due to the nested structure depicted in the

¯gure, the control input u1 dependsonly on the measurement y1 whereasu2 can depend on both

y1 and y2. Moreover, y1 is a®ectedonly by u2 while y2 is a®ectedby both u1 and u2. The overall

systemis subjected to exogenousinputs (e.g., commands,disturbances,sensornoise)and there are

also outputs to be regulated. In particular, we allow for inputs w1 a®ectingdirectly the internal

subsystem, inputs w2 that a®ect the external subsystem only, and, inputs w12 that a®ect both

subsystems.Similarly, the outputs of interest z1, z2 and z12 are related respectively directly to the

internal, directly to the external and to combination of both subsystems.A necessaryassumption

for the existenceof a stabilizing overall controller K is that each subsystemPi is stabilizable by

each subcontroller Ci . Thus, if the exogenouslyunforced (with no external disturbances) state

spacedescription for P1 is

x1(k + 1) = A1x1(k) + B1u1(k); y1(k) = C1x1(k) + D1u1(k)

and for P2

x2(k + 1) = A2x2(k) + B21u1(k) + B2u2(k); y2(k) = C2x2(k) + D21u1(k) + D2u2(k)

we have that there exist feedback and observer gains F i and L i respectively such that A i + B i Fi

and A i + L i Ci are Hurwitz (i.e., eigenvalues in the unit disk) for i = 1; 2. Bringing the system of

Figure 2 to the the standard G ¡ K control design framework of Figure 1 we have the following

signal identi¯cations

y :=
µ

y1

y2

¶
; u :=

µ
u1

u2

¶
; z :=

0

@
z1

z12

z2

1

A ; w :=

0

@
w1

w12

w2

1

A :

The structure of G22 is of the form

G22 =
µ

g1 0
g12 g2

¶

i.e., G22 has a lower (block) triangular (l.b.t.) structure. Moreover, for the controller K to corre-

spond to the nestedstructure of Figure 2 it should be of the form

K =
µ

k1 0
k12 k2

¶

i.e., it should be a lower (block) triangular system.
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Figure 3: Chain Structure

Chains

In the chain (or string) system of Figure 3 there are n subsystemsPi with their corresponding

subcontrollers Ci . Platoons of vehicles where there is a leader and followers that are obtaining

information form their leading vehicles is a good example to associate with this structure. The

control action ui in the subsystemPi a®ectsits follower Pi +1 by a 1-step delay while the control

action ui +1 in Pi +1 does not a®ect its leader Pi . Also, subcontroller Ci passesinformation to its

follower Ci +1 with a 1-step delay while Ci +1 doesnot transmit any information to Ci . Exogenous

inputs w and regulated outputs z are admitted that may couple the dynamics but are not shown

in the picture for clarit y. Bringing in the generalG ¡ K framework we have that in the caseof the
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chain the structure of G22 is

G22 =

0

B
B
B
B
B
B
@

g1

¸g 21 g2

¸ 2g31 ¸g 32 g3
...

. . . . . .
¸ ngn1 ¢¢¢ ¢¢¢ ¸g nn ¡ 1 gn

1

C
C
C
C
C
C
A

and similarly the structure of K is

K =

0

B
B
B
B
B
B
@

k1

¸k 21 k2

¸ 2k31 ¸k 32 k3
...

. . . . . .
¸ nkn1 ¢¢¢ ¢¢¢ ¸k nn ¡ 1 kn

1

C
C
C
C
C
C
A

Noting that

G22 =

0

B
B
B
B
@

1
¸

. . .
¸ n¡ 1

1

C
C
C
C
A

0

B
B
B
B
@

g1

g21 g2
...

. . .
gn1 ¢¢¢ ¢¢¢ gn

1

C
C
C
C
A

0

B
B
B
B
@

1
¸ ¡ 1

. . .
¸ ¡ n+1

1

C
C
C
C
A

and

K =

0

B
B
B
B
@

1
¸

. . .
¸ n¡ 1

1

C
C
C
C
A

0

B
B
B
B
@

k1

k21 k2
...

. . .
kn1 ¢¢¢ ¢¢¢ kn

1

C
C
C
C
A

0

B
B
B
B
@

1
¸ ¡ 1

. . .
¸ ¡ n+1

1

C
C
C
C
A

it follows that the chain problem is a special caseof a the nested problem. The necessary

stabilizabilit y assumption for this problem requires that gij are stable for i 6= j .

An additional structure which can be imposed that requires fewer building blocks is that of

Toeplitz, i.e.,

G22 =

0

B
B
B
B
@

g1

¸g 2 g1
...

. . . . . .
¸ n¡ 1gn : : : ¸g 2 g1

1

C
C
C
C
A

with K as in G22 by replacing g's with k's.

Hierarc hical

Yet another structure in this category is that of open hierarchies as depicted in Figure 4. This is a

multi-input (or, multi-agent) systemthat needsto be regulated to follow certain external commands
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Figure 4: Hierarchical Structure

as well as to reject disturbances. Each control input is authorized by a single decision maker at

a speci¯ed level in a decision making hierarchy. The decision maker receives signals from upper

levels, possibly direct external commands,and, is allowed to passinformation only to lower levels.

The lowest level is the only level that receives feedback from the system. In particular, P is a

LTI, discrete-time, system, the plant, that needsto be regulated, z represents the variables to be

controlled, d somedirect external disturbancesand y0 variables that are measuredand can be used

for feedback. The control inputs to P can be grouped to n (possibly vector) variablesu0; : : : ; un¡ 1.

Each variable ui is authorized by a corresponding decision maker Ci at the i th level of a n-level

hierarchical structure. In this structure there is only one-way °ow of signals, from upper to lower

levels, and not vice-versa. Decision maker C0 is the only one that processesthe measurements y0

from the plant P. There are also external direct commandsto any level i denoted by r i . For the

setup to make senseC0 should be able to stabilize P. The above de¯ned system can be put in a

standard G ¡ K control designframework of Figure 1 with the following signal identi¯cations:

7



y :=

0

B
B
B
@

Ã0

r1
...

rn¡ 1

1

C
C
C
A

; u :=

0

B
B
B
@

u0

u1
...

un¡ 1

1

C
C
C
A

; w :=

0

B
B
B
@

d
r0
...

rn¡ 1

1

C
C
C
A

whereÃ0 :=
µ

y0

r0

¶
. For the controller K to be generatedby the hierarchical structure described

above and vice-versathe constraint that K is of the form

K =

0

B
B
B
@

¤ ¤ : : : ¤
0 ¤ : : : ¤
...

... : : :
...

0 0 : : : ¤

1

C
C
C
A

i.e., it should be an upper block triangular (u.b.t.) system. Considering the structure of G22 we

have that it is of the form

G22 =

0

B
B
B
@

¤ ¤ : : : ¤
0 0 : : : 0
...

... : : :
...

0 0 : : : 0

1

C
C
C
A

i.e., the only non-zerorow is the ¯rst.

An additional feature in the overall scheme of Figure 4 is that there can be di®erent, yet

commensurate,communication rates from layer to layer. For example,if C0 samplesy0 and produces

u0 every T time units, C1 can be sending signals to C0 every n1T time units, C2 can be sending

signals to C1 every n2n1T time units, etc. where the n i 's are integers.

2.2 Dela yed In teraction and Comm unication Net works

The network in this caseis as in Figure 5. In this ¯gure subsystemPi and its subcontroller Ci

interact with their respective neighbors with a 1-step delay in the transmition and reception of

signals. Exogenousinputs w and regulated outputs z are admitted that may couple the dynamics

but are not shown in the ¯gure for clarit y. A good relevant example to associate in this caseis the

control of a large networked system over a network where, as an aggregatemodel, the neighbor-to

neighbor interaction and communication is subject to a unit delay. In the G ¡ K framework the

structure is re°ected in G22 and K as

G22 =

0

B
B
B
B
@

g11 ¸g 12 ¢¢¢ ¸ n¡ 1g1n

¸g 11 g22 ¢¢¢ ¸ n¡ 2g2n
...

...
. . .

...
¸ n¡ 1gn1 ¢¢¢ ¢¢¢ gnn

1

C
C
C
C
A

and similarly for K
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Figure 5: Delayed Interaction and Communication Structure

K =

0

B
B
B
B
@

k11 ¸k 12 ¢¢¢ ¸ n¡ 1k1n

¸k 11 k22 ¢¢¢ ¸ n¡ 2k2n
...

...
. . .

...
¸ n¡ 1kn1 ¢¢¢ ¢¢¢ knn

1

C
C
C
C
A

For a distributed control system of a similar type in the caseof spatially invariant systemswe

refer to [21].

2.3 Other Structures

Dela yed Observ ation Sharing

Two examplesof communication patterns are given. Both are shown in the Figures 6, 7. In Figure

6 the measurement information from a local control station Ci is passedto the other with the delay
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Figure 6: n-Step Delayed Information Exchange

of n time-steps. In Figure 7 information exchangesbetween stations Ci are performed every n

time-steps through a data recording and supervising unit S. In both of thesescenariosthere is no

interaction between the local plants Pi . There is however a coupling through the disturbances w

and the variables z to be regulated. In the G ¡ K frame the structure of the required controller K

for the ¯rst caseis

K =
µ

k1 ¸ nk12

¸ nk21 k2

¶

For the secondcase,onecan lift the systemstacking the inputs and outputs to integer multiples of
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Figure 7: n-Step Information Sharing

n time steps to realize that the lifted controller K should have a feedthrough D-term of the form

DK =

0

B
B
B
@

f 1

f 2 d1
...

...
. . .

f n dn¡ 1 ¢¢¢ d1

1

C
C
C
A

where f i are full 2 £ 2 matrices and di are diagonal. This is a casewhere n-time periodic Ci 's are

considered. Generalizations to tree-clustersof this structure can also be consideredas in Figure 8

where S1 and S2 communicate with a higher level unit § every m £ n time-steps.

Symmetric Structures

This is the casewhereG22 = GT
22 and K = K T . Figure 9 shows the caseof a two-control input and

two-measuredoutput symmetric feedback systemwith g and k representing the coupling dynamics
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Figure 8: Tree Structure

in the plant and controller respectively. If g1 = g2 then we have a circulant symmetry in G22 [3].

3 Con troller Parametrization

Employing the Youla-Kucera parametrization, all stabilizing K , not necessarilywith the structure

required, are given by the parametrization [22]

K = (Yl ¡ D l Q)(X l ¡ N l Q)¡ 1 = (X r ¡ QN r )¡ 1(Yr ¡ QD r )

where Q is a stable free parameter and Yl ; D l ; X l ; N l ; X r ; N r ; Yr ; D r can be obtained from a

coprime factorization (e.g., [7, 17]) of G22. The structural constraints on K transform to constraints

in Youla parameter Q. With a particular choice of the coprime factors the constraints in Q are

convex. In fact, these constraints are the same as in the required structure for K as indicated

below.
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Figure 9: Symmetric Structure

3.1 Triangular Structures

For simplicit y we will treat only the caseof 2-nestedsystemsasgeneralizationsare straightforward.

In this caseG22 has the state-spacedescription

G22 » (
µ

A1 0
0 A2

¶
;
µ

B1 0
B21 B2

¶
;
µ

C1 0
0 C2

¶
;
µ

D1 0
D21 D2

¶
):

By the necessaryassumption on the problem formulation we have that there exist feedback and

observer gainsFi and L i respectively such that A i + B i Fi and A i + L i Ci areHurwitz (i.e., eigenvalues

in the unit disk) for i = 1; 2. Henceone can choosea state feedback and an observer gain for G22

respectively as

F =
µ

F1 0
0 F2

¶
; L =

µ
L 1 0
0 L 2

¶
:

With this choice the standard set of doubly coprime factors in [7] have the required triangular

structure and hencethe structural constraints on K transform to the sameconstraints on Q. I.e.,

Q is required to be lower (block) triangular.
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For Toeplitz triangular structures similar type of arguments can be usedto show that Q is con-

strained to be Toeplitz. This is simple to establish when G22 is stable sinceall K 's are represented

as K = ¡ Q(I ¡ G22Q)¡ 1. For the unstable caseit is necessaryfor the existenceof a stabilizing K

with Toeplitz structure to have stable gi for i = 2; 3; : : :. But then an argument as in the general

triangular caseabove can be usedto establish existenceof suitable coprime factors that force Q to

be Toeplitz.

3.2 Dela yed In teraction and Comm unication Structures

For this typesof structures G22 hasa pulseresponsef G22(i )g1
i=0 with the following band-structure:

G22(0) is diagonal, G22(1) is 3-diagonal, G22(2) is 5-diagonal, etc.; that is G22(i ) is a 2i + 1-

diagonal matrix for i = 0; 1; : : : ; n ¡ 2. Similar is the imposed structure on K . Representing

G22 as G22 = (G1 G2 : : : Gn ) and obtaining a controllable state-spacedescription for each Gi

as Gi » (A i ; B i ; Ci ; D i ), a state spacedescription of G22 » (A; B ; C; D) can be obtained [4] with

A = diag(A i ), B = diag(B i ), C = (C1 : : : Cn ), D = (D1 : : : Dn ). This is a controllable realization.

If Fi are such that A i + B i Fi are Hurwitz one can usea state feedback gain F = diag(F i ) and the

standard formulas in [7] to obtain the coprime factors N l and D l . It is straightforward to check that

F A j B is 2j + 1-diagonal for j = 0; 1; : : : and henceN l and D l possesthe samestructure as G22.

A similar argument for K shows that a K with the band-structure can be factored as K = Yl X
¡ 1
l

with Yl ; X l coprime, possessingthe band-structure. The existenceof such a stabilizing K with

band-structure follows from the fact that ¸ nG22 can be stabilized by a controller (assuming G22

can). Henceas K = (Yl ¡ D l Q)(X l ¡ N l Q)¡ 1 it follows that K has the band-structure i® Q does.

3.3 Other Structures

The caseof delayed observation sharing structures is similar to the previous subsectionand thus

it will not be discussedfurther. The result is that Q has to have the samestructure as K . For

the symmetric structures mentioned we consider the casewhere G22 is stable and symmetric, i.e.,

GT
22 = G22. Then all stabilizing K , possibly non-symmetric, are given as K = (I + QG22)¡ 1Q. If

K is to be symmetric, then

Q = K (I ¡ G22K )¡ 1 = K T (I ¡ GT
22K T )¡ 1 = (I ¡ K T GT

22)¡ 1K T = (( I ¡ G22K )T )¡ 1K T = QT

i.e., Q is symmetric. Similar argument shows that if Q is symmetric then K = (I + QG22)¡ 1Q is

symmetric
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4 Optimal Performance

All the classesof discussedin section 2 require when viewed in the G-K framework that K is

stabilizing and hasa speci¯c structure (triangular, banded,etc). From the discussionin the previous

section,this is equivalent to requiring that Q hasthe samestructure asK . The structures considered

correspond to subspacetype of restrictions on Q. We denote by S the subspaceof stable systems

Q that have the required structure.

The problem of interest is as follows:

Problem: Find K with the appropriate structure such that, subject to internal stability, the norm

k©k is minimized.

The norm k©k may refer to any norm, e.g., H 2, H 1 or `1. By internal stabilit y here we mean

the usual stabilit y requirement in the G-K framework.

Based on the parametrization in the previous section the problem of minimizing k©k can be

castedas

¹ := inf
Q2S

kH ¡ UQV k

where H ; U; V are stable systems. Therefore, the resulting problem is convex, yet in¯nite dimen-

sional (the pulse responsecoe±cients of Q.)

4.1 Approac hes for solving the equiv alent problem

In principle, one can solve the problem by considering truncations of the Q parameter [2] and

thus approximating the problem with a ¯nite dimensional (the pulse responsecoe±cients of the

truncated Q) convex programming problem

¹ N := inf
QN

kH ¡ UQN Vk

where QN is a Finite Impulse Response(FIR) of length N , system in S. It can be checked that

¹ N ! ¹ monotonically from above as N ! 1 . The main shortcoming of this method is that it

cannot indicate how closeto the optimal solution is the converging upper bound ¹ N . In the sequel

we discussapproachesto completely solve the problem.

4.1.1 H 2-norm minimization

In this casewe can invoke the projection theorem along the lines in [18] to obtain the solution

directly. To this end let U = Ui Uo, V = VoVi bean inner-outer factorization of U and V respectively.

De¯ne the subspaceM := f Z : Z = UoQVo; Q 2 Sg. Then the following can be shown:
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Theorem 4.1 The optimal solution Zo for the problem

¹ = inf
Z 2M

kH ¡ Ui Z Vi k

is given by the projection onto M

Zo = ¦ M U¤
i H V ¤

i :

Once Zo is found an optimal Q can be found as Q = U ¡ r
o ZoV ¡ l

o where U ¡ r
o is a right inverseof Uo

and V ¡ l
o is a left inverseof Uo. Characterizing ¦ M in a simpleenoughmanner to allow computations

is possible in many of the systemspresented. For example, for triangular problems a specialized

inner-outer factorization (see [6] chapt. 14) leads to triangular Uo, Vo so that M coincideswith

S which makes the projection ¦ M U¤
i H V ¤

i trivial. An alternativ e however that avoids solving the

non-standard problem can be found in [8] where the original problem is transformed to a standard

model matching by \v ectorizing" Q. The equivalent problem is of the form

inf
q2H 2

°
° h ¡ ¹Uq

°
°

where q is a vector unconstrained with one-to-onecorrespondencewith Q 2 S. The solution for q

is then the sameas in Theorem 4.1 where M is simply the spaceH 2 i.e.,

qopt = ¹U¡ r
o ¦ H 2 ¹U¤

i h

with ¹U = ¹Ui ¹Uo is an inner-outer factorization of ¹U and ¹U¡ r
o is a right inverseof ¹Uo.

4.1.2 `1-norm minimization

In this caseone can use an extension of the scaled-Q method in [10] to provide converging lower

and lower bounds to ¹ . In particular, for the problem at hand let PN denote the N th truncation

operator and de¯ne the two ¯nite dimensional linear programs:

º N (®) := min maxfk H ¡ Rk ; ®kQkg

subject to

PN (R) = PN (H QV ); Q 2 S

and

¹ N (®) := min maxfk H ¡ Rk ; ®kQkg

subject to

R = UPN (Q)V; Q 2 S

16



where ® is a scalar positive parameter. Then, using elements of dualit y theory the following can

be shown

Theorem 4.2 There exists an a priori computable ®0 such that for all ® with 0 < ® · ®0,

¹ N (®) ! ¹ monotonically from above and º N (®) ! ¹ monotonically from below as N ! 1 .

Hence, with the above theorem one obtains close to optimal solutions to any any prespeci¯ed

accuracy.

4.2 H 1 control

For the H 1 problem a Nehari-basedapproach [18] to get a sequenceof converging lower bounds

is possible. However, more e±cient computations are needed. Recent work in [12, 13] on multi-

objective H 1 =H 2 control provides a Q-baseddesign technique that givesconverging lower as well

as upper bounds. This technique readily applies to the \constrained in Q" problems described in

this paper when H 1 optimization is of interest. It should be noted that the main approach in this

method is not conceptually di®erent from that in [10].

Remark 1

For certain problemswith speci¯c symmetriesconstraining the controller to be symmetric is redun-

dant as the optimal K will possesthe required structure regardless. Such is the casefor example

when circulant symmetry is present [3, 1]. In general however this may not hold. Certainly if in

the map of interest © = H ¡ UQV , H or U or V are not symmetric there is no guarantee that the

optimal Q optimal is symmetric. But even if H and U and V are symmetric, the following (static)

exampleshows that the optimal Q may not be symmetric.

Consider © = H ¡ UQ with

H =

0

B
@

1 0 °
0 1 ®
° ® 1

1

C
A ® 6= 0; ° 6= 0

U =

0

B
@

1 1 0
1 1 0
0 0 ¯

1

C
A ; ¯ 6= 0; ¯ 6= 2

Q =

0

B
B
B
@

Q

Ã
q13

q23

!

(q31q32) q33

1

C
C
C
A
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then

© =

0

B
B
B
@

I ¡

Ã
1 1
1 1

!

Q

Ã
° ¡ ~q
®¡ ~q

!

(° ¡ ¯ q31 ®¡ ¯ q32) 1 ¡ ¯ q33

1

C
C
C
A

with ~q = q13 + q23. © can be though of as the map from w to z in the Figure 10 which is a model

following set-up with G22 = U.

For k©kH 2 to be minimal (° ¡ ~q)2 + (®¡ ~q)2 should be minimal i.e.,

q13 + q23 = ~q =
®+ °

2

and also

(° ¡ ¯ q31)2; (® ¡ ¯ q32)2

should be minimal i.e.,

q31 =
°
¯

; q32 =
®
¯

;

but

q31 + q32 =
®+ °

¯
6=

®+ °
2

= q13 + q32

for ¯ 6= 2. Henceoptimal Q is not symmetric.

The sameexample above can be usedto show that `1 optimization as well may lead to a non-

symmetric optimal Q. An easyway to construct more examplesof this form is when U (and V)

are symmetric and stably invertible; then the unconstrained optimal in any norm cost is zero and

the optimizing Q is Q = U ¡ 1H V ¡ 1 which is in generalnon-symmetric.

Remark 2

A number of multi-ob jective problems can be consideredfor the types of structures listed in this

paper. The key approachesto useare the Q baseddesignsas in [12, 13, 11] whereconverging upper

and lower bounds for the optimal cost are obtained and, arbitrarily closeto optimal, suboptimal

solutions are furnished.

5 Conclusions and Discussion

In this paper we presented a list of optimal disturbance rejection problems in systems in which

the overall control scheme is required to have a certain structure. Thesestructures correspond to
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Figure 10: A command following example

various classesof controlled systemssuch as nested,chained, hierarchical, delayed interaction and

communication, and, symmetric systems. These classescan be associated with several practical

applications in integrated °igh t propulsion systems,platoons of vehicles,networked control, pro-

duction lines, chemical processes,etc. The common thread in all of theseclassesis that by taking

an input-output point of view we can characterize all stabilizing controllers in terms of convex

constraints in the Youla-Kucera parameter. The disturbance rejection problem can therefore be

castedasa convex, yet nonstandard, model matching problem. Approachesthat solve this problem

were presented for H 2, `1 and H 1 optimalit y.
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