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Abstract

We presert a list of optimal disturbance rejection problemsin systemsin which the overall
control schemeis required to have a certain structure. These structures correspond to various
classesof cortrolled systemswhich include what we refer to as nested, chained, hierarchical,
delayed interaction and communication, and, symmetric systems. The commonthread in all of
theseclassess that by taking an input-output point of view we can characterize all stabilizing
controllers in terms of corvex constraints in the Youla-Kucera parameter. The disturbance re-
jection problem can therefore be castedasa corvex, yet nonstandard, model matching problem.
Approachesthat solve this problem are preserted for various optimalit y criteria.

1 Intro duction

In large, complex and distributed systemsthere is often the needof consideringa speci ¢ structure
on their overall cortrol scheme(e.g., [15].) There are a number of practical reasons,among which
cost and reliabilit y, that result to constraints on how an individual local corntrol station interacts
with the overall system,what part of information it hasaccesso and what communication medc-
anism is in place. Henceit is important to have analysis and designtechniques when interaction
and communication constraints are imposedon the global controller structure.

In this paper we considerthe generalframework of Figure 1 where G may represert a complex
system consisting of subsystemsinteracting with ead other. The overall corntroller for G is K.
Both G and K are assumedto be linear, discrete-time systems. The cortroller K hasto respect a
speci c¢ structure that is imposedby interaction and communication constraints. A typical example
of structure that has beenstudied extensiwely in the literature is when K is totally deceriralized
i.e., diagonal. However, the optimal performance problem when structural constraints are presen

still remains a challengeto the corntrol community due to eac complexity, notably the lack of a
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Figure 1: Standard Framework

convex characterization of the problem. To mertion only a few samplesof related work we refer
to [14, 16, 9] and referencestherein. Taking an input-output point of view and parametrizing
all K via the Youla-Kucera [22] parameter Q one can seeas a major source of ditcult y the fact
that structural constraints in K may lead to non-corvex constraints in Q. Despite this discouraging
point, a main themein the paper is identifying speci ¢ classef problemsfor which the constraints
in Q are corvex with the appropriate choice of the coprime factors of G. These classescan be
assaiated with several practical applications such asintegrated °ight propulsion systems,platoons
of vehicles, networked cortrol, production lines, chemical processesgetc. The various classesof
systemsidenti ed include what we refer to as nested, chained, hierarchical, delayed interaction and
communication, and, symmetric systems. A key feature in all the structures consideredis that G»,
the part of G that relates the cortrols u to measuremets y, has the samestructure as the one
imposedon the cortroller K. It is the structure of Gy, that matters for convexity; the remaining
part of G can be totally unstructured. In the majority of the situations presered herethere is an
algebraic property betweenthe K's and Gy,'s under consideration. That is, they form a ring as
the structure is presened in products, additions and in (I + G,,K )i * whenewer the inverseexists,
asit should, for well-posedness.

In the sectionsto follow we rst exposethe various structures of interest, cortinue on to con-
troller parametrization and nally describe the solution proceduresto the optimal performance

problemsin the H?, "1 and H! sense.
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Figure 2: Nested Structure

2 Speci ¢ Structures

Throughout the paper we assume,unless stated otherwise, all systemsto be nite dimensional

linear, time-invariant and described in discrete-time.

2.1 Triangular Structures

In this classof systemsGy,, and K are triangular transfer function matrices. This classincludes
what we term as nested structures, chains (or strings) with leader and followers, and hierarchical
type of schemes.In the sequelwe elaborate more on these. Someparts of this exposition can also
be found in [19, 20].

Nested systems

This is the casewhere a subsystemis inside another and there is only one-way interaction, from
inside to outside, or, the reverse. A practical application that assaiates with this set-up is the
Integrated Flight Propulsion Control (IFPC) e.g.,[5]. To illustrate the nested problem in simple
terms we consideronly two nests. The generalizationto n nestsis straightforward. Thuswe consider

the caseof Figure 2 where there is a system comprised of two nests (subsystems.) The internal



subsystemconsists of a plant P, together with its controller C; whereasthe external consists of
the plant P, with the controller C,. The internal and external subsystemshave cortrol inputs
u;, Uz and measuredoutputs y; and y, respectively. Due to the nested structure depicted in the
“gure, the cortrol input u; dependsonly on the measuremeh y; whereasu, can depend on both
y1 and y,. Moreover, y; is a®ectedonly by u, while y, is a®ectedby both u; and u,. The overall
systemis subjected to exogenousnputs (e.g., commands,disturbances, sensornoise) and there are
also outputs to be regulated. In particular, we allow for inputs wy, a®ectingdirectly the internal
subsystem, inputs w» that a®ectthe external subsystemonly, and, inputs wj, that a®ectboth
subsystems.Similarly, the outputs of interest z;1, z, and z1, are related respectively directly to the
internal, directly to the external and to combination of both subsystems.A necessaryassumption
for the existenceof a stabilizing overall cortroller K is that ead subsystemP; is stabilizable by
ead subcortroller C;. Thus, if the exogenouslyunforced (with no external disturbances) state

spacedescription for Py is
x1(k+ 1) = A1xa(k) + Baua(k); yi(k) = Cixa(k) + Dyus(k)
and for P>
Xa(k + 1) = Axxa(k) + Baiua(k) + Baua(k); ya2(k) = CaXxa(k) + D2aua(k) + Dauz(k)

we have that there exist feedba& and obsener gains F; and L; respectively such that A; + BiF;
and A; + L;C; are Hurwitz (i.e., eigervaluesin the unit disk) for i = 1;2. Bringing the system of
Figure 2 to the the standard G| K cortrol designframework of Figure 1 we have the following

signal identi cations
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The structure of Gy, is of the form " q
Gp= & 0
iz O

i.e., G2 hasa lower (block) triangular (l.b.t.) structure. Moreover, for the cortroller K to corre-

spond to the nestedstructure of Figure 2 it should be of the form
‘ - H kk 0 1
kiz ko

i.e., it should be a lower (block) triangular system.



Figure 3: Chain Structure

Chains

In the chain (or string) system of Figure 3 there are n subsystemsP; with their corresponding
subcortrollers C;. Platoons of vehicleswhere there is a leader and followers that are obtaining
information form their leading vehiclesis a good example to assaiate with this structure. The
control action u; in the subsystemP; a®ectsits follower Pj.+; by a 1-step delay while the control
action uj+1 in Pj+1 doesnot a®ectits leader P;. Also, subcontroller C; passesinformation to its
follower Cij+1 with a 1-step delay while Cj+1 doesnot transmit any information to C;. Exogenous
inputs w and regulated outputs z are admitted that may couple the dynamics but are not shown

in the picture for clarity. Bringing in the generalGj K framework we have that in the caseof the



chain the structure of Gy; is

0 1
921 07)
Gy = 91 932 O3
I"I nl ¢¢¢ ¢¢¢ g nnj 1 gn
and similarly the structure of K is
0 1
K1
ko1 ko
K = J%ka1 ka2 ks
R nknl ¢¢¢ ¢¢¢ =k nnj 1 kn
Noting that
0 1 O 1 O 1
1 O1 .
021 O2 R
Go = % E % . E % . g
nit On1 0CC 06 On i
and
0 1 O 1 O 1
1 k1 1
. ko1 ko St
K = ) .
Jnit ka1 ©¢¢¢ ¢¢¢ kp Jin+l

it follows that the chain problem is a special caseof a the nested problem. The necessary

stabilizabilit y assumption for this problem requiresthat g; are stablefori 6 j.
An additional structure which can be imposedthat requires fewer building blocks is that of

Toeplitz, i.e.,
0 1
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with K asin Gy, by replacing g's with k's.

Hierarc hical

Yet another structure in this categoryis that of open hierarchies asdepicted in Figure 4. This is a

multi-input (or, multi-agent) systemthat needsto be regulatedto follow certain external commands
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Figure 4: Hierarchical Structure

as well asto reject disturbances. Each cortrol input is authorized by a single decision maker at
a speci ed level in a decision making hierarchy. The decision maker receives signals from upper
levels, possibly direct external commands,and, is allowed to passinformation only to lower levels.
The lowest level is the only level that receives feedbak from the system. In particular, P is a
LTI, discrete-time, system, the plant, that needsto be regulated, z represetts the variablesto be

controlled, d somedirect external disturbancesand y, variablesthat are measuredand can be used

Each variable u; is authorized by a corresponding decision maker C; at the ith level of a n-level
hierarchical structure. In this structure there is only one-way °ow of signals, from upper to lower
levels, and not vice-versa. Decision maker Cy is the only onethat processeshe measuremets yq
from the plant P. There are also external direct commandsto any level i denoted by r;. For the
setup to make senseCgy should be able to stabilize P. The above de ned system can be put in a

standard G K control designframework of Figure 1 with the following signal identi cations:
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whereA := Br/O . For the controller K to be generatedby the hierarchical structure described
0
above and vice-versathe constraint that K is of the form
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i.e., it should be an upper block triangular (u.b.t.) system. Considering the structure of Gy, we

have that it is of the form 0 1
o o ;@

0O 0 ::: O

Ga=8. . ... .

0O 0 ::: 0

i.e., the only non-zerorow is the rst.

An additional feature in the overall scheme of Figure 4 is that there can be di®eren, yet
commensurate,communication ratesfrom layer to layer. For example,if Co samplesyy and produces
up every T time units, C; can be sendingsignalsto Cy every n1T time units, C, can be sending

signalsto C; ewvery non; T time units, etc. where the n;'s are integers.

2.2 Delayed Interaction and Comm unication Networks

The network in this caseis asin Figure 5. In this gure subsystemP; and its subcontroller C;
interact with their respective neighbors with a 1-step delay in the transmition and reception of
signals. Exogenousinputs w and regulated outputs z are admitted that may couple the dynamics
but are not shown in the “gure for clarity. A good relevant exampleto assaiate in this caseis the
control of a large networked system over a network where, as an aggregatemodel, the neighbor-to
neighbor interaction and communication is subject to a unit delay. In the Gj K framework the

structure is re®ected in Gy, and K as
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and similarly for K



Figure 5: Delayed Interaction and Communication Structure
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For a distributed cortrol system of a similar type in the caseof spatially invariant systemswe

refer to [21].

2.3 Other Structures

Delayed Observ ation Sharing

Two examplesof communication patterns are given. Both are shown in the Figures 6, 7. In Figure

6 the measuremen information from alocal cortrol station C; is passedto the other with the delay

9



Figure 6: n-Step Delayed Information Exchange

of n time-steps. In Figure 7 information exdangesbetween stations C; are performed every n
time-steps through a data recording and supervising unit S. In both of these scenariosthere is no
interaction betweenthe local plants P;. There is howewver a coupling through the disturbancesw
and the variables z to be regulated. In the Gj K frame the structure of the required cortroller K

for the rst caseis

H K1 ,nklzﬂ

ko1 ko

For the secondcase,one can lift the systemstading the inputs and outputs to integer multiples of

K =

10



Figure 7: n-Step Information Sharing

n time stepsto realize that the lifted cortroller K should have a feedthrough D-term of the form
0 f1 1
Dk = %f.z d.l . §
f.n dn.i 1 ¢¢.¢ d;
wheref; are full 2£ 2 matrices and d; are diagonal. This is a casewhere n-time periodic C;'s are

considered. Generalizationsto tree-clustersof this structure can also be consideredasin Figure 8

where S; and S, communicate with a higher level unit 8 every m £ n time-steps.

Symmetric  Structures

This is the casewhere Gy, = GJ, and K = K T. Figure 9 shaws the caseof a two-cortrol input and

two-measuredoutput symmetric feedbak systemwith g and k represeting the coupling dynamics

11



Figure 8: Tree Structure

in the plant and cortroller respectively. If g1 = gz then we have a circulant symmetry in G2, [3].

3 Controller Parametrization

Employing the Youla-Kucera parametrization, all stabilizing K, not necessarilywith the structure

required, are given by the parametrization [22]

K=Mi DiIQXii NiQ)i t = (Xri QN *(Y; i QDy)

where Q is a stable free parameter and Y|; D;; X;; Nj; X;; Ny; Y;; D, canbe obtained from a
coprime factorization (e.g.,[7, 17]) of G2». The structural constraints on K transform to constraints
in Youla parameter Q. With a particular choice of the coprime factors the constraints in Q are
corvex. In fact, these constraints are the sameas in the required structure for K as indicated

below.

12



Figure 9: Symmetric Structure

3.1 Triangular Structures

For simplicity we will treat only the caseof 2-nestedsystemsas generalizationsare straightforward.

In this caseG,» hasthe state-spacedescription

“Al Oﬂ_uBl Oﬂ_ucl Oﬂ_uDl Oﬂ_

0 A, " By B ' 0 Cy ' Da Do

By the necessaryassumption on the problem formulation we have that there exist feedba& and

Gzz » (

obsener gainsF; and L; respectively such that A;+ B;F; and A;+ L;C; are Hurwitz (i.e., eigervalues
in the unit disk) for i = 1;2. Henceone can choosea state feedbad& and an obsener gain for G,

respectively as " q u q
Fo FL OO0 "L 0
0 Fp ' T 0 Ly

With this choice the standard set of doubly coprime factors in [7] have the required triangular
structure and hencethe structural constraints on K transform to the sameconstraints on Q. l.e.,

Q is required to be lower (block) triangular.

13



For Toeplitz triangular structures similar type of argumerts can be usedto show that Q is con-
strained to be Toeplitz. This is simple to establishwhen Gy is stable sinceall K's are represered
asK = i Q(I i G»Q)i L. For the unstable caseit is necessaryfor the existenceof a stabilizing K
with Toeplitz structure to have stable g; for i = 2;3;:::. But then an argument asin the general
triangular caseabove can be usedto establish existenceof suitable coprime factors that force Q to

be Toeplitz.

3.2 Delayed Interaction and Comm unication Structures

For this typesof structures Gy, hasa pulseresponsef G,(i)gL, with the following band-structure:
G22(0) is diagonal, G22(1) is 3-diagonal, G»2(2) is 5-diagonal, etc.; that is Ga(i) is a 2i + 1-
diagonal matrix for i = 0;1;:::;nj 2. Similar is the imposed structure on K. Represeting
Gy as Gy = (G G, ::: Gp) and obtaining a controllable state-spacedescription for eath G;j
as Gj » (Aj;Bj;Ci;Dj), a state spacedescription of G2, » (A; B;C;D) can be obtained [4] with
A = diag(Aj), B = diag(Bi), C = (Cy ::: Cy), D = (D1 ::: Dy). This is acortrollable realization.
If Fi aresuch that A; + B;F; are Hurwitz one can use a state feedba& gain F = diag(F;) and the
standard formulasin [7] to obtain the coprime factors N; and D;. It is straightforward to ched that
FAIB is 2j + 1-diagonalfor j = 0;1;::: and henceN; and D, possesthe samestructure as Go,.
A similar argumert for K shows that a K with the band-structure can be factored askK = Y;X; !
with Y); X, coprime, possessinghe band-structure. The existenceof sudh a stabilizing K with
band-structure follows from the fact that | "G, can be stabilized by a cortroller (assuming G2;

can). HenceasK = (Y;i D|Q)(X;i Ni;Q)i it followsthat K hasthe band-structure i® Q does.

3.3 Other Structures

The caseof delayed obsenation sharing structures is similar to the previous subsectionand thus
it will not be discussedfurther. The result is that Q hasto have the samestructure as K. For
the symmetric structures mertioned we considerthe casewhere G, is stable and symmetric, i.e.,
GJ, = Gy,. Then all stabilizing K, possibly non-symmetric, are given asK = (I + QGz)' 1Q. If

K is to be symmetric, then
Q = K(li GK) t=KT(Ij GLKT) = (i KTGy) KT = ((I | G2K)") KT = QT

i.e., Q is symmetric. Similar argumert shows that if Q is symmetric then K = (I + QG»)i 1Q is

symmetric

14



4 Optimal Performance

All the classesof discussedin section 2 require when viewed in the G-K framework that K is
stabilizing and hasa speci ¢ structure (triangular, banded,etc). From the discussionin the previous
section, this is equivalert to requiring that Q hasthe samestructure asK . The structures considered
correspond to subspacetype of restrictions on Q. We denote by S the subspaceof stable systems
Q that have the required structure.

The problem of interest is as follows:
Problem: Find K with the appropriate structure suchthat, subject to internal stability, the norm

k©k is minimized.

The norm k©k may refer to any norm, e.g.,H?, H1 or *1. By internal stability here we mean
the usual stability requiremert in the G-K framework.
Based on the parametrization in the previous section the problem of minimizing k©k can be
castedas
L= erznfS kH i UQVKk
whereH; U; V are stable systems. Therefore, the resulting problem is corvex, yet in nite dimen-

sional (the pulse responsecoezcients of Q.)

4.1 Approac hes for solving the equivalent problem

In principle, one can solve the problem by considering truncations of the Q parameter [2] and
thus approximating the problem with a nite dimensional (the pulse response coe+cients of the

truncated Q) convex programming problem
1y = infkH j UQNVk
Qn

where Qy is a Finite Impulse Response (FIR) of length N, systemin S. It can be cheded that
1y ! 1 monotonically from above asN ! 1 . The main shortcoming of this method is that it
cannot indicate how closeto the optimal solution is the converging upper bound ® . In the sequel

we discussapproactesto completely solve the problem.
4.1.1 HZ?-norm minimization

In this casewe can invoke the projection theorem along the lines in [18] to obtain the solution
directly. Tothis endlet U = UjUq, V = V,V; beaninner-outer factorization of U and V respectively.

De ne the subspaceM := fZ : Z = UyQV,; Q 2 Sg. Then the following can be shown:

15



Theorem 4.1 The optimal solution Z, for the problem
L = inf kH j UiZVik
Z2M

is given by the projection onto M

Zo="! m UHV®:

Once Z, is found an optimal Q canbe found asQ = U} "Z,VJ ' whereU/ " is aright inverseof U,
and V, ! is aleft inverseof U,. Characterizing! \ in asimple enoughmannerto allow computations
is possiblein many of the systemspreseried. For example, for triangular problems a specialized
inner-outer factorization (see[6] chapt. 14) leadsto triangular Ug, V, sothat M coincideswith
S which makesthe projection | y U”H V" trivial. An alternative however that avoids solving the
non-standard problem can be found in [8] where the original problem is transformed to a standard
model matching by \v ectorizing” Q. The equivalent problem is of the form
qierfz ‘hi Oq’
where q is a vector unconstrained with one-to-onecorrespondencewith Q 2 S. The solution for g

is then the sameasin Theorem 4.1 where M is simply the spaceH? i.e.,

ODpt = LlJ(I) I‘: HZLlJinh
with U = U;U, is an inner-outer factorization of U and U} " is a right inverseof U,.

4.1.2 “l-norm minimization

In this caseone can use an extension of the scaledQ method in [10] to provide converging lower
and lower boundsto *. In particular, for the problem at hand let Py denote the N th truncation

operator and de ne the two nite dimensional linear programs:

°y(®) := minmaxfkH | Rk;®kQkg

subject to
Pv(R)= PN(HQV); Q2 S
and
1y (®) = minmaxfkH i Rk;®kQkg
subject to

R=UPN(Q)V; Q2S

16



where ® is a scalar positive parameter. Then, using elemens of duality theory the following can

be showvn

Theorem 4.2 There exists an a priori computable ® sud that for all ® with 0 < ® - ®y,

1N(®) ! 1 monotonically from above and °y (®) ! * monotonically from belov asN ! 1 .

Hence, with the above theorem one obtains close to optimal solutions to any any prespeci ed

accuracy

4.2 H?! control

For the H! problem a Nehari-basedapproac [18] to get a sequenceof corverging lower bounds
is possible. However, more excient computations are needed. Recert work in [12, 13] on multi-
objective H! =H? cortrol provides a Q-baseddesigntechnique that givescorverging lower as well
as upper bounds. This technique readily appliesto the \constrained in Q" problems described in
this paper when H! optimization is of interest. It should be noted that the main approac in this

method is not conceptually di®erert from that in [10].

Remark 1

For certain problemswith speci ¢ symmetriesconstraining the cortroller to be symmetric is redun-
dant asthe optimal K will possesthe required structure regardless. Sud is the casefor example
when circulant symmetry is presen [3, 1]. In general however this may not hold. Certainly if in
the map of interest© = Hj UQV, H or U or V are not symmetric there is no guarantee that the
optimal Q optimal is symmetric. But evenif H and U and V are symmetric, the following (static)
example shows that the optimal Q may not be symmetric.

Consider© = H j UQ with

0 1
10 °
H = Bo 1 ek ®60;°6 0
° @ 1
0 1
110
Uu==%110%; ~60, 62
00~ _
0 A I
K
(0B810B2) B3
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then _
0 A ! A 11

i &
|er§

1i g3

®

i B ®i m)

with &= 3+ p3. © can be though of asthe map from w to z in the Figure 10 which is a model

following set-up with G2, = U.
For k©ky, to be minimal (° i &2+ (®; )? should be minimal i.e.,

®+ °
st 3 = & = 2

and also
i w5 (@i ge2)?

should be minimal i.e.,

° ®
Br1= =, 2= =;
but
®+ ®+ °
GB1t U2 = = 6 5 = Ozt B2

for ~ 6 2. Henceoptimal Q is not symmetric.

The sameexample above can be usedto show that *; optimization aswell may lead to a non-
symmetric optimal Q. An easyway to construct more examplesof this form is when U (and V)
are symmetric and stably invertible; then the unconstrained optimal in any norm cost is zero and

the optimizing Q is Q = Ui *H Vi ! which is in generalnon-symmetric.
Remark 2

A number of multi-ob jective problems can be consideredfor the types of structures listed in this
paper. The key approacesto useare the Q baseddesignsasin [12, 13, 11] where corverging upper
and lower bounds for the optimal cost are obtained and, arbitrarily closeto optimal, suboptimal

solutions are furnished.

5 Conclusions and Discussion

In this paper we preseried a list of optimal disturbance rejection problems in systemsin which

the overall control schemeis required to have a certain structure. These structures correspond to

18



Figure 10: A command following example

various classesof cortrolled systemssud as nested, chained, hierarchical, delayed interaction and
communication, and, symmetric systems. These classescan be assaiated with seweral practical
applications in integrated °ight propulsion systems, platoons of vehicles, networked cortrol, pro-
duction lines, chemical processesetc. The commonthread in all of theseclassess that by taking
an input-output point of view we can characterize all stabilizing cortrollers in terms of convex
constraints in the Youla-Kucera parameter. The disturbance rejection problem can therefore be
castedasa corvex, yet nonstandard, model matching problem. Approachesthat solve this problem

were preseried for H?, "1 and H! optimalit y.
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