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Abstract

A new computationally viable approach is derived for computing the induced norm of a state space compression operator;
that is an integral operator defined on the finite length space L,[0, #]. Determining this norm is a crucial component in the
control analysis of both delay systems and sampled-data systems. The technique developed may have application to a wider
variety of integral operators. ©) 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

In this paper we provide an explicit and simple pro-
cedure for computing the norm of a state-space com-
pression operator. Specifically, we are concerned with
determining the induced norm of an operator K on the
standard Hilbert space L,[0, 4], where K is given by

(Ku)(t) = /O t Ce "9 By(t)dr + Du(r)
for 0<t<h. (1)

Here A, B, C and D are appropriately dimensioned
real matrices, and /4 is a positive real number. It is
well-known (see for instance [3]) how to compute the
L,[0,00) induced norm of an operator of the above
form, but at present there is no simple method for
accomplishing this for the finite interval space L,[0, /].
The operator K is called the compression of the related
mapping which acts on L;[0, c0).

Computing the norm of a compression operator
is an important calculation in a number of con-
trol theory problems, most notably in optimal con-
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trol of time-delay systems (see e.g. [5,7,11]) and
sampled-data systems (for instance [1,8,9]). Explicitly
computing this norm has been considered in [5,6,11].
These papers provide procedures for finding the norm
of K by reducing the problem to one of determining
the roots of a transcendental equation with respect to
a real parameter; these procedures also require some
technical assumptions such as 4 being Hurwitz. In
this note we develop a method to compute the norm
of K which simply reduces to checking the maximum
eigenvalue of an explicit symmetric matrix; our ap-
proach makes no assumptions about the state-space
matrices which define the compression K.

2. Solution

Throughout we fix the state-space matrices A4, B, C
and D, and the domain length 4 > 0 of the elements
in L,[0,4]. In the sequel we use the abbreviation L,
for L,[0, A].

With K thus defined we aim to answer the following
question:

does ||K||z,—z, < 1 hold?
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Namely, is the operator K contractive. Note that
for convenience we consider a normalized problem,
and that the general problem of answering whether
IK ||z, 1, <7y is satisfied, for a given 7 > 0, can be
accomplished by scaling K. Thus solving this prob-
lem immediately gives rise to a bisection algorithm
for computing ||K||z,—.z,. Observe from (1) that the
maximum singular value of D must satisfy G(D) < 1
if K is contractive. We therefore make the standing
assumption that the matrix condition G(D) <1 is
satisfied.

Our first step to answering the above question is
to use a more convenient representation for K, one
defined on the square summable sequences 7, instead
of L,. To facilitate this we define the following set
of functions in L,: for a fixed € (—m,m] let the
sequence of functions {y }7°, be defined by

1 .
Yr(t) = ( eI for 0<t<h,
Vh
where
o '_2TWk +0
k-— ]’l )

{w:={0,1,-1,2,-2.. }.

The latter two sequences defined above will be used
frequently in the sequel. We now state a basic fact
about the function sequence .

Proposition 1. The set of functions {\. } form a com-
plete orthonormal basis for L,.

This is straightforward to show, and a proof can be
found in [4].

We now define the operator K : /, — /; by the
inner product relationship

(er, Ker):=(yn, K\,

where {e;} is the standard basis for /,. Thus we see
that K is just K represented in the {y;} basis. Using
this new representation K is motivated by the follow-
ing result.

Theorem 2. Suppose ¢/ € eig(e™). Then

Co
K=|C|ue®—a)"[By B B -]

Go 0
Gy
+ G, R
0 ,
where
A=eh

By = (joy — A)~'1e' — A)Bh= 12,
Cy = C(4e™ — D=2 (Ijwx — A)~!,
Gy = C(Ijoy —A)"'B+ D. )

This result states that K is the sum of a finite rank
operator and a block diagonal one. Note that setting
G(s):=C (Is — A)~'B + D, the usual transfer function
zlssociated with the state-space matrices, we have Gy =
G(jwy). Also realize therefore that 6 can always be
chosen to satisfy the supposition of the theorem.

Proof. The result follows by a routine state-space cal-
culation of (;, Ky) given the definitions of K and
Y. O

We know that |K||;,_.z, < 1 is satisfied if and only
if the operator I — K*K is positive definite,! and it
is the latter object with which we will work. First we
have

K*K=G*G+ [G*'C B"]

—crcre ™ — 4 I Keute
Iel? — 4 0 B
GGy 0
_ GG
0
Pg
Py —1
+ || O7 [P P o---] 3)

where P is defined by
_ | GGk
n- [0

We now define a useful condition.

Condition 3. A4 positive integer N satisfies this con-
dition if, for each k > N, the inequality

a(Gy) <1 is satisfied.

A self-adjoint operator Q is positive definite if there exists an
o > 0, such that (x, Ox) = a(x,x) for all x.
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By assumption (D) < 1 and therefore there always
exists an N satisfying the above condition; to see this
observe that limy_, ., Gy = D.

Our next step is to partition the operator K*K using
a fixed number N satisfying the above condition. Let

[ GLGy 0
Jo = - ,

L 0 Gy Gy

[ GGy 0
Jp = Gy2Gn+2

i 0

and observe that G*G = diag(Jy,J; ). The reason for
this partitioning of G* G is that if N satisfies Condition
3 then I — J; is a positive-definite operator. Further,
define the operators Fy and F satisfying

[Fo Fi]=P,

where this partition is chosen so that (3) becomes

e [0 0 Fel o
KK_[O J1}+{FT}Q [Fo Fil.

Having established this notation we see that K is con-
tractive if and only if

0<I—J"—F*Q7'F,

where J and F are defined in the obvious way. We
can now state the main result of the section and indeed
the paper.

Theorem 4. Suppose_ej9 ¢ eig(efih) and N satisfies
Condition 3. Then ||K||1,—1, < 1 holds if and only if

0] [J 0] [FT,-
o<[o ]-[0 o) [E]em a
(4)

where E\ is any matrix satisfying E\Ef = F1(I —
Ji )71F1*.

This result states that the property of K being con-
tractive is equivalent to a matrix condition. Recall
from the above discussion that 0 and N can always
be chosen a priori to satisfy the conditions of the hy-
pothesis.

Proof. Since X is a representation of K we have that
IIK||1,—1, <1 1is satisfied if and only if 0 < I — K*K,

which is
I 0 J 0
0< {o 1} - [o Jl}
Fy 1
|1 0 _|J 0O
10 I—J 0 0
Fy _
_liF%]QI[FO Fr]
from the definitions made so far. Since N satisfies
Condition 3 we know /—J; > 0, and therefore S:=(/—

J1)~ 2 is well defined. Now pre- and post-multiply
the last inequality by

I 0
0 S
to get the equivalent condition
I 0 Jo 0
0< {o 1}_[0 o}
Fy | o1
_ Lo |I 0
|0 I 0 SFY
y J+FO'Fy F;O7'1[1 0
0~ 'Fy o' |0 RS

T N

The last inequality is equivalent to saying that the
spectral radius condition p(N*7TN) < 1 holds. By ele-
mentary properties of the spectrum (see, e.g., [2]) this
is tantamount to p(TNN*) < 1. The operator NN* is
given by

I 0
0 FU-J)'F;|°

Let £, be any matrix satisfying E,ES =F (1 —J, )’1F1*
and define

I 0
e=[) 2]
Clearly, EE*=NN* and therefore p(N*TN) < 1 holds
if and only if p(E*TE) < 1 holds. Observe that the

latter condition is equivalent to that of the theorem.
O

We now turn to the computational issues of using
the above result.
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3. Explicit computation

Theorem 4 provides a matrix test for determining
contractiveness of K, provided one can compute the
matrices in the inequality. We have already provided
state-space formulae for most of these, but it remains
to compute C*C and F(I —J,) "' F}. This is the topic
of the current section, and we accomplish this task
using ideas from [4].

First we focus on computing Fi(/ —J;)~'F}. Ob-
serve from its definition that J; is a block diagonal
operator and therefore so is (/ —J;)~!. Also F) is a
block “row” operator and therefore we see

o0
P —J)'Ff = Y Pl — GiG) P}
k=N+1
By routine state-space manipulations each term in this
sum is of the form

P — G;Gy)™'P; = Cr(ljoy, — Ar)"'By, (5)

where C;, A; and B, are matrices given in the ap-
pendix. Similarly, we can show that

C*C=Y_ Cyljox — Ay)~'By. (6)
k=0

See the appendix for the matrices Cy, 4y and By,.
Here we assume formally that the inverses in both (5)
and (6) are always well defined, and will later show
how 6 can be chosen a priori to ensure these inverses
exist.

To evaluate these series we use the following result.

Proposition 5. Suppose that e’ is not an eigenvalue
of e, where W is a square matrix. Then

> Ujor — W)~ = —jg cot((jWh + 01)/2).
k=0

For completeness we provide a proof of this for-
mula, taken from [4].

Proof. Consider the function W ():=h(I—¢""e~i¢)~!
e =i/t on the interval [0, 4]: its Fourier series is

W(l) ~ Z(ijk o W)flej(Zrc/h)vkt’
k=0

where again v; is the sequence {0,1,—1,2,-2,...}.
Because W (¢) is of bounded variation and continuous
on the interval, it is well known from classical Fourier
analysis that at # = 0 the series sums to the average

of the end points (W (0) + W(h))/2, which is just
—j(h/2)cot((jWh + 01)/2). [

Corollary 6. Suppose ¢l is not an eigenvalue of ei-
ther e or e!th. Then the following formulae hold:

C*C = _jCMg cot((jduh + 01)/2)Bus,

P . h .
F\(I =) F} = =jC13 cot((jdrh + 01)/2)By

N
= Culljox — A1) "' By
k=0

Proof. This result follows immediately from the
Proposition, since the hypothesis guarantees that the
inverses (Ijoy — Az)~" and (Ijowy; — Ayp)~" exist for
all k>0. O

4. An algorithm

This section is devoted to collecting the above re-
sults into a straightforward algorithm for determining
whether ||K|| < 1 holds. Note that the only specialized
operations required in this procedure are the matrix
exponential and eigenvalue computation. Most impor-
tantly no conditions are imposed on the state-space
matrices A4, B, C and D, other than the necessary con-
dition that (D) < 1.

The procedure now described appeals to the result
in Theorem 4; the steps in this algorithm are used to
form the required objects in the final computation. The
initial step is to find a parameter 6 that satisfies the
hypothesis in Corollary 6.

Step 1: select a value for 0: Choose 0 € (—mn, 7]

such that e!? is not a eigenvalue of e“+”; note this also

ensures it is not an eigenvalue of ev”.

The next step is to find an N that satisfies Con-
dition 3. We accomplish this easily by invoking a
well-known result on computing the L..-norm of a
transfer function (see for instance [10]): for w fixed,
the singular-value equation ¢(G(jw)) = 1 holds, if
and only if, jo is an eigenvalue of Ag. Here 4g is
the Hamiltonian matrix given in Appendix A, and
G(s):=C(Is — A)"'B+D.

Step 2: choose N: Let u = max{|/| : 1 is a purely
imaginary eigenvalue of Ag}. Set N >0 to a value
satisfying both @y > 1 and oy > p.

To see that this step yields a satisfactory N ob-
serve that for any |w| > u it must be the case that
6(G(jw)) < 1, since lim,,_ o 6(G(jw)) = (D) < 1.
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Now that the conditions required for the computa-
tions have been met, the final step assembles all the
data.

Step 3: apply Theorem 4

(i) Compute C*C and Fy(I — J,)"'F} using the
formulae in Corollary 6;
(ii) Compute Q, Fy, Jy and E| of Theorem 4;
(iii) Determine whether matrix inequality (4) holds.

The above 3-stage algorithm can be easily imple-
mented in software using standard routines. An im-
portant feature of this procedure is that it definitively
determines whether the operator K is contractive,
and can thus be used as the foundation of a bisection
algorithm to determine the norm of K to any desired
degree of accuracy.
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Appendix. State-space formulae

The state-space matrices required in Egs. (5) and
(6) are provided below. These reduced formulae have
been obtained by routine manipulations starting with
the state-space for Px(I — G;G,)~'P; and C; Cy de-
rived from (2):

A, =
A BRB" BRD™C —BRB"
—-C"HC -4, —C*D'_RD'*C C"HDB
0 0 A 0 ’
0 0 c'c A
0 0
0 0
B=lr o |
0 —e 7"

0 ™ 0 0
C = o
¢ [eﬁT 0 0 0}’
Ay BRB"
AG: =% = = i 5
{c AC -4, ]

where these matrices are further defined in terms of
Ay=A+BD"(I —DD")"'C,

T =(eMe ' —Dh~'2,

R=(I-D'D)7",

H=(—-DD")™".
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